Abstract. For a set A of nonnegative integers, let R 2 (A, n) and R 3 (A, n) denote the number of solutions to n = a + a ′ with a, a ′ ∈ A, a < a ′ and a ≤ a ′ , respectively. In this paper, we prove that, if A ⊆ N and N is a positive integer such that R 2 (A, n) = R 2 (N \ A, n) for all n ≥ 2N − 1, then for any θ with 0 < θ < 2 log 2−log 3 42 log 2−9 log 3 , the set of integers n with R 2 (A, n) = n 8 + O(n 1−θ ) has density one.
Introduction
Let N be the set of nonnegative integers. For a set A ⊆ N, let R 2 (A, n) and R 3 (A, n) denote the number of solutions to a + a ′ = n with a, a ′ ∈ A, a < a ′ and a ≤ a ′ , respectively. In the last few decades, the representation function was a popular topic that was studied by Erdős, Sárközy and Sós in a series of papers, see [7, 8, 9] . Sárközy asked that whether there exist two sets A and B with infinite symmetric difference such that R i (A, n) = R i (B, n) for all sufficiently large integers n. Let A 0 be the set of all nonnegative integers n with even number of ones in the binary representation of n, and let B 0 = N \ A 0 . The sequence A 0 is called Thue-Morse sequence. In 2002, Dombi [6] answered this problem affirmatively by proving that R 2 (A 0 , n) = R 2 (B 0 , n) for all n ≥ 0. In 2003, Chen and Wang [5] proved that the set of nonnegative integers can be partitioned into two subsets A and B such that R 3 (A, n) = R 3 (B, n) for all n ≥ 1. In 2004, Sándor [11] gave the precise formulations as following.
Theorem A [11, Theorem 1] . Let N be a positive integer. Then R 2 (A, n) = R 2 (N \ 
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In 2018, Jiang [10] improved the results of Theorem D.
Theorem E [10, Corollary 1.2]. Let A be a subset of N and N be a positive integer such that R 2 (A, n) = R 2 (N \ A, n) for all n ≥ 2N − 1. Then, for any ǫ > 0, the set of integers n with
has density one.
Jiang claimed that if A ⊆ N and N is a positive integer such that R 3 (A, n) = R 3 (N \ A, n) for all n ≥ 2N − 1, then the same result holds for R 3 (A, n). For more related results, see [2, 3, 12, 13, 14] .
In this paper, the following results are proved. Theorem 1.1. Let A 0 be the Thue Morse sequence. Then for any 0 < θ < 2 log 2−log 3 40 log 2−8 log 3 = 0.0151 . . . , there exists a δ = δ(θ) > 0 such that
where the implied constant depends on θ.
Theorem 1.2. Let A be a subset of N and N be a positive integer such that R 2 (A, n) = R 2 (N \ A, n) for all n ≥ 2N − 1. Then for any 0 < θ < 2 log 2−log 3 42 log 2−9 log 3 = 0.0149 . . . , there exists a δ = δ(θ) > 0 such
where the implied constant depends only on θ.
By Theorem 1.2, we immediately have Corollary 1.3. Let A be a subset of N and N be a positive integer such that R 2 (A, n) = R 2 (N \ A, n) for all n ≥ 2N − 1. Then for any 0 < θ < 2 log 2−log 3 42 log 2−9 log 3 = 0.0149 . . . , the set of integers n with
, then applying the same method, we can get that for any 0 < θ < 2 log 2−log 3 42 log 2−9 log 3 = 0.0149 . . . , the set of integers n with R 3 (A, n) = n 8 + O(n 1−θ ) has density one.
Motivated by R 2 (A 0 , 2 2l+1 − 1) = 0, we pose two problems for further research.
Problem 1.5. Let A be a subset of N and N be a positive integer such that
Problem 1.6. Let A be a subset of N and N be a positive integer such that
In this paper, we define
3t+2 ) = (0, 0, 1) or (0, 1, 0)}, and
Proofs
In this section, we give the proof of our main result. Firstly, we prove some lemmas.
Lemma 2.1. Let 0 < ǫ < 2 log 2−log 3 40 log 2−8 log 3
. Then there exists a δ
where the implied constant depends only on ǫ.
Proof. For
be the binary representation of n, and let
For 0 < c < 1, we are going to show that
40 log 2−8 log 3 ).
, and let
where
Clearly,
and
We have
It follows from (y, z) ∈ S 1 and (y, z) / ∈ P kt that
and so t≤ c log 2 log 2 x 40 log 2−8 log 3
On the other hand, Let
i+2 ) = (0, 0, 0, 0, 1) and (1, 0, 0, 1, 0) for i < L}.
We will prove that S(n) ⊆ T (n).
Let (y, z) ∈ S(n) and (ε
and so there exists some L ≤ 3k t satisfying (ε
i+2 ) = (0, 0, 0, 0, 1) and (1, 0, 0, 1, 0) for i < L. Since
Similarly, if (y, z) ∈ S(n) and (ε
3kt+2 ) = (0, 0, 1), then we obtain ε (y)
3kt+2 = 0. By the similar argument as above, we have (y, z) ∈ T (n). Therefore S(n) ⊆ T (n), and so Now, we prove that
We are going to define a bijection between
These facts imply that (y, z) → (y ′ , z ′ ) defined as above is a bijection between
By (2.5) and (2.6), we have
40 log 2−8 log 3 ), and
Let ǫ = c(2 log 2−log 3) 40 log 2−8 log 3
. Then 0 < ǫ < 2 log 2−log 3 40 log 2−8 log 3
. By Stirling's approximation, there is a δ ′ = δ ′ (ǫ) with 0 < δ ′ < 1 such that
Therefore,
|{n :
This completes the proof.
Lemma 2.2. [4, Lemma 1] Let
A be a subset of N and N be a positive integer such that R 2 (A, n) = R 2 (N \ A, n) for all n ≥ 2N − 1, and let m, k, i be integers with m ≥ N, i ≥ 0 and 0 ≤ k < 2 i . Then
Lemma 2.3. Let A be a subset of N and N be a positive integer such that
⌋. The integer
We are going to show that if n is not bad, then
Suppose that n is not bad. Then
and so
It follows from
Similarly, we have
By Lemma 2.2, we know that
By (2.8) and (2.9), we have
On the other hand,
By (2.10) and (2.11), we have
Similarly,
It follows that This completes the proof.
Finally, we prove our main results.
Proof of Theorems 1.1 and 1.2. For 0 < ǫ < 2 log 2−log 3 40 log 2−8 log 3
, by Lemma 2.1, we know that there exists a δ ′ = δ ′ (ǫ) with 0 < δ ′ < 1 such that |{n : n ≤ x, R 2 (A 0 , n) = . Then 0 < θ < 2 log 2−log 3 42 log 2−9 log 3 . By Lemma 2.3, we have |{n :
x 10 ≤ n ≤ x, R 2 (A, n) = n 8 + O(n 1−θ )}| = 9x 10
Similar to the previous argument, we can get the desired result.
